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Abstract
In this paper, we determine the maximum number of maximal independent sets in a unicyclic connected graph. We also ﬁnd a
class of graphs achieving this maximum value.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G= (V (G),E(G)) be a graph. An independent set of G is a subset of V (G) in which every two vertices are not
adjacent. A maximal independent set (or MIS) of G is an independent set that is not a proper subset of any independent
set of G. LetM(G) denote the set of all MISs in G and m(G) = |M(G)|.
Around 1960, Erdös and Moser proposed the problem of determining the maximum number of m(G) in the family of
graphs of order n and characterizing structure of such graphs that attain the maximum value. Shortly thereafter, Erdös,
and slightly later, Moon and Moser [7] solved the problem. The same problem was then further investigated for certain
families of graphs. Furedi [1] and, independently, Griggs et al. [3] studied the problem for the family of connected
graphs. By using different approaches, Wilf [11], Sagan [9] and Jou and Chang [5] solved the problem for trees. Jou
and Chang [5] further explored the problem for forests and also for graphs with at most one cycle. Hujter and Tuza
[4] obtained the maximum value of m(G) for the family of C3-free graphs. Its connected version was done by Jou and
Chang [6]. Recently, Sagan and Vatter [10] settled the problem for the family of graphs with at most r cycles and its
connected counterpart, and Goh et al. [2] independently obtained the same result with the condition that the order of
the graph is at least 3r .
A graph is said to be unicyclic if it contains exactly one cycle. For any integers n and r with nr3, letUr,n be the
family of unicyclic connected graphs of order n whose only cycle is of order r . This paper investigates the problem for
the family Ur,n. (Note that the problem of enumerating the number of independent sets (not necessarily maximal) in
unicyclic connected graphs was studied in [8].)
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Let
(r, n) =
{
m(Cr) + (2k − 1)m(Pr−1) if n = r + 2k,
m(Pr−1) + m(Pr−3) + (2k − 1)max{m(Pr),m(Cr)} if n = r + 2k + 1, (1.1)
where Pr and Cr are, respectively, the path and the cycle of order r . We shall show that
max{m(G) : G ∈ Ur,n} = (r, n). (1.2)
A class of graphs G ∈ Ur,n such that m(G) = (r, n) is also found.
2. Some basic results on determining m(G)
It is clear that if G is a disconnected graph with all its components G1,G2, . . . ,Gk , then
m(G) =
∏
1 ik
m(Gi). (2.1)
For a path or a cycle G, m(G) has its recursive expressions. It is easy to verify that
m(P1) = 1, m(P2) = m(P3) = 2, m(C3) = 3, m(C4) = 2, m(C5) = 5. (2.2)
In general, we have
Lemma 2.1 (Furedi [1]). (i) m(Pn) = m(Pn−2) + m(Pn−3) for n4.
(ii) m(Cn) = m(Cn−2) + m(Cn−3) for n6.
By Lemma 2.1 and (2.2), the following result can be obtained.
Corollary 2.1. (i) m(Pn) = m(Pn−1) + m(Pn−5) for n6.
(ii) For n3, m(Pn)2m(Pn−2), where the equality holds iff n ∈ {3, 5}.
(iii) For n3,
m(Cn) − m(Pn)
{
< 0 if n = 4,
= 0 if n = 6, 7, 9,
> 0 otherwise.
(iv) m(Cn)m(Pn−1) + m(Pn−3) for n4.
Let G be any graph. Given ∅ = S ⊆ V (G), let G− S denote the subgraph of G obtained by removing all vertices in
S. If S ={x}, write G− x =G−{x}. For any x ∈ V (G), let N(x)={y ∈ V (G) : xy ∈ E(G)} and N [x]=N(x)∪{x}.
For any two vertices x and y in G, y is called a leaf of x in G if N(y) = {x}. Two distinct vertices y and z are
called duplicated leaves in G if they are leaves of the same vertex in G. Also, two distinct vertices y and z are called
duplicated vertices in G in N(y) = N(z).
The following three lemmas, which can be found in Hujter and Tuza [4] and Jou and Chang [5], will be frequently
used later.
Lemma 2.2. For a leaf y of x in a graph G,
m(G) = m(G − N [x]) + m(G − N [y]).
Lemma 2.3. For any graph G and any x ∈ V (G),
m(G − x)m(G)m(G − x) + m(G − N [x]).
Lemma 2.4. If y and z are duplicated vertices in a graph G, then m(G) = m(G − x) = m(G − y).
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Fig. 1.
Lemma 2.5. Let G be any graph and xyz be a path in G with d(z)=1, d(y)=2 and d(x)2, as shown in Fig. 1 Then
m(G)>m(G − z).
Proof. Since d(x)2, there exists w ∈ N(x)\{y}. Thus
m(G − z) = |{I ∈M(G − z) : y ∈ I }| + |{I ∈M(G − z) : x ∈ I }|
= |{I ∈M(G) : y ∈ I }| + |{I ∈M(G) : x ∈ I }|
< |{I ∈M(G) : y ∈ I }| + |{I ∈M(G) : x ∈ I }| + |{I ∈M(G) : z,w ∈ I }|
m(G). 
A graph G is called an extremal graph in Ur,n if G ∈ Ur,n and m(G)m(G′) for all G′ ∈ Ur,n.
By Lemmas 2.4 and 2.5, we have:
Lemma 2.6. For any integers n and r with nr3, every extremal graph in Ur,n contains no duplicated leaves.
Proof. Suppose that G is an extremal graph in Ur,n which contains duplicated leaves y and z. By Lemma 2.4,
m(G − y) = m(G − z) = m(G).
Assume that y and z are leaves of x. Let G′ be the graph obtained from G by removing the edge xz and adding a new
edge joining y and z. Since G − z ∈ Ur,n−1, we have G′ ∈ Ur,n. Since nr + 25, we have dG′(x)2. Then, by
Lemma 2.5,
m(G′)>m(G′ − z′) = m(G − z) = m(G),
contradicting the assumption that G is an extremal graph in Ur,n. 
3. Extremal forests
This section aims at determining the maximum value of m(G) over all forests G of order n which have a path Pr .
For any two vertices x and y in a graph G, the distance between x and y in G, denoted by dG(x, y) (or d(x, y)
simply), is deﬁned to be the number of edges in a shortest x − y path in G if x and y are in the same component of G,
and d(x, y) = ∞ otherwise.
Let G be connected. For S ⊆ V (G) and x ∈ V (G), let
d(x, S) = min
y∈S d(x, y).
Thus d(x, S) = 0 iff x ∈ S. If H is the subgraph of G induced by S ⊆ V (G), we also write d(x,H) for d(x, S). For
any induced subgraph H of G, deﬁne
d∗(H) = max{d(x,H) : x ∈ V (G)}. (3.1)
A tree G is called a caterpillar if d∗(P )1 for some path P in G. The following result characterizes all caterpillars
of order n such that m(G) is maximum.
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Fig. 2.
Fig. 3. St , where t2.
Lemma 3.1. If G is a caterpillar of order n, then m(G)m(Pn), where the equality holds iff either G is a path or
n = 6 and G is the graph of Fig. 2
Proof. For any integers s and n with n> s1, let
Tn,s = {G is a tree of order n : d∗(Ps)1 for some path Ps in G}.
It is clear thatTn =⋃2 sn−1Tn,s if n2.
Suppose on the contrary that the result is not true. Let n be the minimum integer such that the result does not hold
for a graph G ∈Tn,s . It is clear that n3 and G is not a path. It is also clear that G does not contain duplicated leaves;
otherwise, by Lemma 2.4, m(G) = m(G − y)m(Pn−1)<m(Pn), where y is one of the duplicated leaves.
We can assume that Ps is a longest path in G. Let P = x1x2 . . . xs , where d(x1) = d(xs) = 1. As G ∈ Tn,s and
G does not contain duplicated leaves, we have d(x1) = d(xs) = 1, d(x2) = d(xs−1) = 2 and 2d(xi)3 for each
3 is − 2. So V (G)\V (Ps) can be expressed as {yi : 3 is − 2, d(xi) = 3}.
If s4, then G must be Ps , which is impossible as G is not a path. If s = 5, then G must be the graph in Fig. 2,
contradicting the assumption that the result does not hold for G. Hence s6 and so ns + 17. By Lemma 2.1,
m(G) = m(G − N [xs]) + m(G − N [xs−1]).
Case 1: d(xs−2) = 3.
Since G−N [xs] ∈Tn−2,s−2 and G−N [xs−1] is the disjoint union of P1 and a tree inTn−4,s−3, by the assumption
on n, we have
m(G)m(Pn−2) + m(Pn−4)<m(Pn−2) + m(Pn−3) = m(Pn),
a contradiction.
Case 2: d(xs−2) = 2.
Since G − N [xs] ∈Tn−2,s−2 and G − N [xs−1] ∈Tn−3,s−3, by the assumption on n, we have
m(G)m(Pn−2) + m(Pn−3) = m(Pn),
where the equality holds only if n − 2 = 6 and n − 3 = 6, which are impossible, a contradiction.
Hence the result holds. 
Lemma 3.1 may not be true for trees which are not caterpillars. For example, the graph St , where t3, shown in
Fig. 3, is such a tree. It can be veriﬁed that m(St ) = 2t and m(P5) = 4. Thus m(St ) = 2t−2m(P5)>m(P2t+1) if t3.
We shall also ﬁnd a sharp upper bound for m(G) over all forests G (see Lemma 3.4) of order n and with a path Pr .
To see this, we ﬁrst state the following result due to Wilf [11].
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Lemma 3.2. For any forest G of order n, m(G)2
n/2. Furthermore, if n = 2k, then the equality holds iff G is the
disjoint union of k copies of K2.
For any integers n and r with nr2, let
f (r, n) =
{
2km(Pr) if n − r = 2k,
2km(Pr+1) if n − r = 2k + 1. (3.2)
By Corollary 2.1, we have the following properties on f (r, n).
Lemma 3.3. For any integers n, r2, we have
(i) f (r, n)f (r, n + 1),
(ii) 2sf (r, n) = f (r, n + 2s), and
(iii) m(Pn)f (r, n).
It is clear that for any nr2, there exists a forest G of order n and with a path Pr such that m(G) = f (r, n). In
the following, we shall show that f (r, n) is an upper bound for m(G) over all forests of order n and with a path Pr .
Lemma 3.4. Let n and r be integers with nr2 and G a forest of order n. If G contains a path Pr , then
m(G)f (r, n).
Proof. Suppose on the contrary that the result is not true. Let n be the minimum integer such that there exists a forest
G of order n with a path Pr and m(G)>f (r, n).
By Lemma 3.2, we have r4.
We claim that G does not contain duplicated leaves. Otherwise, by Lemma 2.4, m(G) = m(G − y) for one of the
duplicated leaves y. As the result holds forG−y andG−y also has a pathPr , we havem(G−y)f (r, n−1)f (r, n).
We claim also that G is connected. Suppose that G is not connected and G1,G2, . . . ,Gk are components of G,
where k2. Assume that a longest path of G is in G1. By the assumption of n and v(G1)<n, the result holds for G1.
Then, by Lemmas 3.2 and 3.3,
m(G) = m(G − V (G1))m(G1)2
(n−v(G1))/2f (r, v(G1))f (r, n).
Now we know that G is connected and G does not contain duplicated leaves. If G is a caterpillar, then, by Lemmas
3.1 and 3.3,
m(G)m(Pn)f (r, n),
a contradiction. Thus d∗(Pr)2.
Let w be a vertex in V (G)\V (Pr) such that d(w, P ) = d∗(Pr). Then w is a leaf of G. Let y be the only neighbour
of w. Then, by Lemmas 2.2 and 2.3,
m(G) = m(G − N [y]) + m(G − N [w])2m(G − N [w]).
Note that Pr is also a path in G − N [w]. Thus, by induction,
m(G)2f (r, n − 2) = f (r, n),
a contradiction. 
4. Upper bound
Recall that for nr3,
(r, n) =
{
m(Cr) + (2k − 1)m(Pr−1) if n − r = 2k,
m(Pr−1) + m(Pr−3) + (2k − 1)max{m(Pr),m(Cr)} if n − r = 2k + 1. (4.1)
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Fig. 4. (a) U(r,r+2k), (b) U(r,r+2k+1).
Fig. 5. U ′
r,r+2k+1.
In this section, we ﬁrst show that there exists G ∈ Ur,n such that m(G) = (r, n) and then show that m(G)(r, n)
for all G ∈ Ur,n.
For nr3, either n − r = 2k or n − r = 2k + 1 for some integer k. Let Ur,n be the graph shown in Fig. 4.
For r3 and k1, let U ′r,r+2k+1 be the graph shown in Fig. 5.
Observe that Ur,n ∈ Ur,n and U ′r,r+2k+1 ∈ Ur,r+2k+1.
Lemma 4.1. (i) For nr3,
m(Ur,n) =
{
m(Cr) + (2k − 1)m(Pr−1) if n = r + 2k,
m(Pr−1) + m(Pr−3) + (2k − 1)m(Pr) if n = r + 2k + 1.
(ii) For r3 and k1,
m(U ′r,r+2k+1) = m(Pr−1) + m(Pr−3) + (2k − 1)m(Cr).
Proof. It is clear that (i) holds for k = 0. For any k1, by Lemma 2.2, we have
m(Ur,2k+r ) = m(Ur,2(k−1)+r ) + 2k−1m(Pr−1).
It can be shown by induction on k that (i) holds. Likewise, (ii) can be proved by induction. 
In the following, we establish two results which will be used to show that m(G)(r, n) for all G ∈ Ur,n.
Lemma 4.2. (i) For any integers r, n with 3rn − 3,
(r, n − 2) + f (r − 1, n − 3)(r, n).
(ii) For any integers r, n, n′ with 3rn′n − 3,
(r, n − 2) + 2
(n−3−n′)/2(r, n′)(r, n).
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Proof. (i) If n − r = 2k for some integer k, then
(r, n − 2) + f (r − 1, n − 3) = m(Cr) + (2k−1 − 1)m(Pr−1) + 2k−1m(Pr−1)
=(r, n).
If n − r = 2k + 1 for some integer k, then
(r, n − 2) + f (r − 1, n − 3) = m(Pr−1) + m(Pr−3) + (2k−1 − 1)max{m(Pr),m(Cr)} + 2k−1m(Pr)
(r, n).
(ii) It sufﬁces to show that for s0,
(r, n′ + 2s + 3) − (r, n′ + 2s + 1)2s(r, n′).
If n′ + 2s = r + 2k, then
(r, n′ + 2s + 3) − (r, n′ + 2s + 1) = 2k max{m(Cr),m(Pr)}
2s(m(Cr) + (2k−s − 1)m(Pr−1))
= 2s(r, n′);
if n′ + 2s = r + 2k + 1, then
(r, n′ + 2s + 3) − (r, n′ + 2s + 1) = 2k+1m(Pr−1)
> 2s × 2k−s(m(Pr−1) + m(Pr−3))
2s(m(Pr−1) + m(Pr−3) + (2k−s − 1)max{m(Pr),m(Cr)})
= 2s(r, n′). 
Lemma 4.3. For any integers r, n with r = 4 and nr + 25,
m(Pn−2) + m(Pn−4)(r, n). (4.2)
Proof. For r = 4, we have m(Cr)m(Pr) by Corollary 2.1. If n = r + 2, then
m(Pn−2) + m(Pn−4) = m(Pr) + m(Pr−2)(r, n).
If n = r + 3, then
m(Pn−2) + m(Pn−4) = m(Pr+1) + m(Pr−1) = m(Pr) + m(Pr−4) + m(Pr−1)(r, n).
Assume that the lemma holds if r + 2n< r + s, where s4. Now let n = r + s7. By the induction hypothesis,
m(Pn−4) + m(Pn−6)(r, n − 2).
Thus, by Lemmas 3.3 and 4.2,
m(Pn−2) + m(Pn−4) = m(Pn−3) + m(Pn−6) + m(Pn−4)
f (r − 1, n − 3) + (r, n − 2)
(r, n),
and the result holds. 
Theorem 4.1. Let n and r be integers with nr3 and G ∈ Ur,n. Then m(G)(r, n).
Proof. We prove this result by induction on n − r . The result is obvious for n = r .
Now assume that nr + 1. Let G be an extremal graph in Ur,n and Cr the only cycle in G. By Lemma 2.6, G
contains no duplicated leaves. Let x be a vertex in V (G)\V (Cr) such that d(x, C) = d∗(Cr). Then d(x) = 1. Let
N(x) = {y}.
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Fig. 6.
If n = r + 1, then, by Lemmas 2.2 and 2.1,
m(G) = m(G − N [x]) + m(G − N [y]) = m(Pr−1) + m(Pr−3) = (r, n).
Assume that the result holds for rn< r + s, where s2. Now let n = r + s. By Lemma 2.2,
m(G) = m(G − N [x]) + m(G − N [y]).
Case 1: d∗(Cr) = 1.
Since G contains no duplicated leaves, G − N [x] is a caterpillar of order n − 2, and so, by Lemma 3.1, m(G −
N [x])m(Pn−2). Also note that G − N [y] is a forest of order n − 4 which has only one non-trivial component. This
non-trivial component must also be a caterpillar. Thus, by Lemma 3.1, m(G − N [y])m(Pn−4). Hence
m(G)m(Pn−2) + m(Pn−4).
By Lemma 4.3, we have m(G)(r, n) for r = 4.
For the special case that r = 4, as G contains no duplicated leaves and d∗(C4) = 1, we have 6 = r + 2n8 and
G is one of the graphs in Fig. 6. It is easy to verify that m(G) = n − 2 + 
(n − 6)/2 for n = 6, 7, 8. So we also have
m(G)(4, n).
Case 2: d∗(Cr) = 2.
As G contains no duplicated leaves, we have d(y) = 2. Thus G − N [x] = G − {x, y} ∈ Ur,n−2. By induction,
m(G − N [x])(r, n − 2). Note that G − N [y] is a forest of order n − 3 which has a path Pr−1. By Lemma 3.4,
m(G − N [y])f (r − 1, n − 3). Thus, by Lemma 4.2,
m(G) = m(G − N [x]) + m(G − N [y])(r, n − 2) + f (r − 1, n − 3)(r, n).
Case 3: d∗(Cr)3.
Observe that G−N [x]=G−{x, y} ∈ Ur,n−2. By induction, m(G−N [x])(r, n− 2). Note that one component
of G − N [y] belongs to Ur,n′ for some n′n − 3 and the others are trees. So, by induction and by Lemma 3.2, we
have, m(G − N [y])2
(n−3−n′)/2(r, n′). Thus,
m(G)(r, n − 2) + (r, n′) × 2
(n−3−n′)/2(r, n)
by Lemma 4.2. 
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